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Abstract 

Theorem: Let A be a finite X^-free graph, pi,...,p„ partial 
isomorphisms of A. Then there exists a finite extension R, which 
is also a IK^-free graph, and automorphisms /* of B extending the 
Pi’s. This theorem can be used to prove the small index property 
for the generic countable graph of this class. The same method 
also works for a certain class of continuum many non isomorphic 
a;-categorical countable digraphs. 

Hrushovski proved this theorem for the class of all finite graphs [Hr]; the 
proof presented here is an extension of his proof. 

Notation: Let p be a partial mapping on a set A. By D{p) we denote the 
domain of p by R{p) the range of p (so D{p) <Z A and R{p) <Z A). In this 
paper the partial mappings under consideration will always be injective. The 
edge relation will always be called R] in the first part of the paper we will 
deal with graphs, so R will be symmetric and irrefiexive, in the second part 
we will handle digraphs, so R will be antisymmetric and irrefiexive. 

Definition: If A is a graph and a is a point (possibly element of a graph 
extending A) we denote by AG (a) the set of neighbours of a, sometimes 
considered as a pure set and sometimes considered as a subgraph of A: 
AG(a) := {b E A \ aRb}. A graph A is called IK^-free (for m G a;), if 
OCm, which is the complete graph with m vertices, is not embeddable into A, 
i.e. there does not exist oi,..., A such that aiRaj (for 1 < fc < / < m). 

Theorem 1 Let m,n> 1, let A be a finite OCm-free graph. Let pi, ... ,p„ he 
partial isomorphisms on A. There exists a finite DCm-free graph B, BZ) A, 
and /i,..., /„GAut(R), such that fi Dpi. 

Before going through the formal proof, which looks a little bit technical, 
let us describe the main ideas of the proof: 
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We know that the theorem holds for IKs-free graphs [Hg], The proof in the 
general case will be by induction on m. Let us introduce for every a&A a new 
colour (i.e. a unary predicate) Ua such that for 6 G A 6 is of colour Ua iff hRa. 
Now A is 3Cm-free if and only if you can not embed “uni-coloured” into 

A, that means there does not exist a colour Ua and elements Oi,..., a^-i in 
A such that a^Rai {1< k < I < m) and all the a^s are of colour Ua- Thus 
one can reduce IK^-freeness conditions to certain IK^-i-freeness conditions, 
if one works with coloured graphs. Here are the main problems, one has to 
overcome doing this reduction. 

1. With respect to the colours pi is not longer a partial isomorphism, it is a 
“permorphism”, i.e. it respects the colours only up to a permutation Xi 
of the colours {(Ua)^" = UaPi)- But as can be seen in [Hg] Hrushovski’s 
original proof of the theorem in the case of the graphs [Hr] also works 
for permorphisms. 

2. Xi is not yet really a permutation of the set of colours {Ua \ a G H}, 
it is only a partial function. As in [Hg] one overcomes this problem 
by doing a type realizing step to get a nice graph C D A, afterwards 
one looks at the colours [Ud \ dEC} and extends the partially already 
dehned functions Xi fo permutations of this set. 

3. If one extends the graph A considered as a (uni-coloured 3Cm_i)-free 
graph to a (uni-coloured 3Cm-i)-free graph B and the pds to /ds, how 
can one ensure that B is IK^-free? Take into account that B is {Ud \ 
dGCj-coloured, so we don’t have for every bEB a. colour Ui, such that 
all neighbours of b have colour U^. This problem disappears by miracle: 
The resulting graph B looks locally like A. Especially for every a G A 
the neighbours of a in H will still all have colour Ua- Now any orbit of 
the automorphism group of H (as graph) will have an element inside 
A- So to check 3Cm-freeness of B, one has only to look for copies of 
having one element a inside A, but such a copy would lead to a copy 
of OCm-i of colour Ua- 

4. To get a proper induction, one has to prove the theorem for coloured 
graphs and permorphisms. Starting with a coloured graph, we have 
to introduce a new set of colours {Ud \ d E C}- But (uni-coloured 
3Cm)-freeness does not exactly mean (uni-coloured IK^-i)-freeness with 
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respect to the new colours. It means precisely: there does not exist an 
old colour U and a new colour Ua such that a is of colour U and a 
f4-coloured copy of 3Cm-i which is at the same time [/-coloured. We 
will call such a combination ([/, Ua) a critical colouring, and we have to 
avoid copies of 3Cm-i which are critical coloured. This last problem and 
the notational complication arising from the fact that we are dealing 
with permorphisms rather then isomorphisms will make the prove look 
rather technical. 

The graph CD Awe will get by the type realizing step will have as additional 
feature that every element in A has exactly the same number of neighbours 
in C, i.e. the same number of colours. In the proof we will maintain this 
condition, even if this is not really necessary. If one erases in the proof all 
statements saying something like = dj” one get a slightly shorter 

proof. 

Now the dehnitions which follow, and the version of the theorem (i.e. 
Lemma 2) which will be provable by induction should be sufficiently moti¬ 
vated. 

Definition: Let S' be a relational language. Let y be a permutation of 
the symbols in S mapping every symbol to a symbol with the same arity. 
Let A be a S'-structure and p be a partial mapping on A. p is called a y- 
permorphism, if for every r Eu and every r-ary relation i? in S' and every 
ai,..., Or gD(p): Rai...ar BAa\...dP. 

Definition: Let 'U^,... ,'LT^ be a family of disjoint hnite sets of unary pred¬ 
icates (called colours) and di,...,dr be constants. Let U ;= [ji< j < , 

£/ ;= 'll U {[?}. If A is a £/-structure and aEA, V eIL, then we write aEV 
to indicate that the unary predicate V (or rather its interpretation in A) is 
true for a; we also write “a is of colour V”. 

1. A IX-graph is a {i?} U U-structure A such that A considered as a 
{[?}-structure is a graph and furthermore for every a E A and every 
j (1 < j < r): #U-^(a) = dj. Here W{a) := {VElC | aEV} is the set of 
colours of a. 'll(a) := {VeVL \ aEV}. 

2. Let 'UcCU^ X ... X VT. ILc will be called the set of critical colourings. 
We call A VLc-OCm-iree (for mEu), if there does not exist a colouring 
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(Vi,..., Vr) G ILc and elements oi,..., G A, such that akRai (for 
1 < k < I < m) and ak G Vj (for 1 < k < m, 1 < j < r). 


Lemma 2 Letm> 1. LefU },... ,11^ be disjoint sets of eolours (where r> t)). 
LetU := [ji< . LetXi^Sym{W) (forl<i<n, 1< j< r), £i := ViU{R} 

Xi ■= Uo < j < r Xi ^ Sym{£j), where Xi is the identity on {i?}. Let furthermore 
Uc Xi X ... X Xi i)G Qj SGt CQjUjG-d CT‘'lt'lCClt CotoUT'%71/^S• SuppOSG Xi^^ is Xi- 
invariant (for 1 < i < n). 

Let A be a Vi-graph. We suppose that for every 1 < j < r there is given 
a constant dj, such that for every a E A #(Vi\a)) = dj. Suppose A is 

Uc-OCm-free. 

Let Pi,... jPn be partial mappings on A such that pi is a Xi-p^rmorphism. 
We suppose further that for aEA and 1 < j < r there exists a colour Ul eW 
such that for h E A: b eUI aRb and such that for a E Di = D{pi): 

(^j)xi = Ulpi- Let us finally suppose that for every a,bEA, if a ^ b then 
there exist an i (1 < i < n) such that = b. (This is not really necessary.) 

Then there exist a Xl-graph B, BE)A, B Uc-OCm-free, /i,..., fnEAut{B), 
fi T) Pi, fi a Xi-pGf'T^orphism (for 1< i< n). B satisfies in addition: \/b E 
B'ia E A : aRb Vj(l < j < r) b eU). Furthermore B will be chosen to 
satisfy in addition: \/bEB3f E< fi,..., fn >'■ b^ E A. 


From the Lemma follows the theorem: 

Let in the Lemma r = 0, that means we just talk about (uncoloured) graphs. 
Ill X ... X Ur just contains the empty tuple A and we let Uc = {A}, then 
Uc-3C„-freeness just means 3C„-freeness. Xi is the identity on {/?} and Xr 
permorphism just means isomorphism of graphs. We can suppose w.l.o.g. 
that for every a,bEA there exists an i (1< i< n) such that = b for example 
by assuming that {pi,... ,pn} equals the set of all partial isomorphisms on 
A. Thus the lemma for r = 0 just implies the theorem. 

Proof of the Lemma: 

The proof goes by induction on m. Lets hrst treat the case m = 1. 

The proof follows in this case the lines of the original proof of Hrushovski 
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[Hr], The first step will be a type realizing step. A subset of A determines a 
“type over A” (considered as a pure graph) in our context. 

Claim: 

a) There exist a hnite graph C, C D A [C is a pure graph so C* D A means 
A is a substructure of C as graphs) and a constant Cq such that for every 
AqCA: #{{ceC I Na{c) = Aq}) = Cq. 

b) There exist bijections hi,..., G Sym(C), hi D p*, such that for every 

aEDi, bEC aRb aP^Rb^E 


Proof of a): 

Let for AqCA caq '■= #{cgA | Na{c) = Aq} and cq := max{cAo | AqCA}. 
Now for every Aq C A add (cq — caq) many points which have as set of 
neighbours Aq to get C. 


Proof of b): 

Fix i {1 < i < n) We hrst check, that for every Dq C A {Di := D{pi), Ri := 

R{Pi)) 

*{{cEC I Nn^c) = Do}) = *{{cEC \ iV^,(c) = 

#{{ceC I NnXc) = Do}) = *{{ceC \ Na{c) = DqU B}) = 

BciA-Di) 


c 


Co ■ = Co ■ = #{{ceC I Nr^{c) = Dl^}). 

Furthermore, because pi is a partial isomorphism of graphs, pi maps {cG 
I NDiic) = Do} n A to {cG C I NR^{c) = D^"} n A- So we hud R Dpi 


hi a bijection of C mapping for every Do C Di {cE C 
{cgC I Nr^{c) = Do*}, but this means exactly that hi has the property we 
want. 


ND^{c) = A} to 
Dpertj 

l(Claim) 


Now we do a duplicator step: 

We £x C and hi,..., hn-, which we get from the claim. We let FC Sym(£/) x 
Sym(C) be the subgroup generated by the elements 7 ^ = (x*, R) (1 < i < n). 
Note that if 7 = (y, h) G F then y fixes W (for 1 < j < r) and y fixes ILc. On 
A X F, we define the equivalence relation = to be the symmetric, reflexive 
and transitive closure of E = {(( 0 ^ 77 ), ( 0 , 7 * 7 )) \f-i-n, aEDi,'yE r}. 

We note some basic facts: 

1. If (a, (x, h))= (tts, (Xs, hs)) then A = and (U(a))^ = (U(as))^" 


5 



2. If (a, (x, h))= {as, {xs, hs)) and {b, {x, h))= {bs, {xs, hs)) then 
aRb ttgRbs 

3. If (a, {x, h))= {qs, {Xs, hs)) and ceC then 
aRc^~^ ^ asRc^^" and {Ui)^ = {UiJ^E 

Proof of the facts: 

1. It snffices to prove 1. in the case {{a, {x, h)), {as, {xs, hs))) is actnally 

in E, so as G Di and af* = a and (x*, hs) = {xi, hi) ■ {x, h). But then 
ah ^ aP/^ = and U{a)^ = U(afO^ = U{as)^^^ = 

because p* is a Xi-permorphism. 

3. Again we can suppose that asEDi, a = aP’ and (xs, hs) = {xi, hi){x, h). 

So asRc’^^ asRc^ aP*Rc^ by the condition (in claim 

b)) on hi and {Ui = (hP = {UKi)^ = {U^)^ by the conditions 

S S CLg 

on Ui in the hypothesis of the lemma. 

2. aRb aRb^^ ^ asRb^^’^ ^ asRb^’^^ ^ asRbs, 

by 1. and 3. 

Now we are ready to dehne a ^/-structure on A x r/= : 

For e,/eAxr/= : 

eRf SyGhda, 6 g A e = (a, 7 )/=, f = {b,x)/= and aRb. 

For V eVL and ceA xT/= we define 

eGld 3(x, h) gF 3aG A e = (a, (x, h))/= and aGld>^ \ 

We note that 

4. For 7 GFa,&GA: {{a,'y)/=)R{{b,'y)/=) 7=^ aRb. 

5. For (x, h) gF, aGA, BgU: {{a,{x,h))/ =)eV^ 7=^ aEV 
Proofs: 


4. 

5. 


follows directly from 2. 


follows from 1.: 

{a,{x,h))/=EV^ 7=7 

{das,Xs,hs {a,{x,h))={as,{xs,hs)) and asEV^^‘ ) 
namely: asEV^^‘ 7=7 EVi{as) 7=7 V^EVi{as 

V^EU{a)^ 7=7 ■FGU(a) ^ aEV. 


a E V, 


l(facts) 
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We define a map i ■. A ^ AxV/= by i(a) := (a, l)/= (where 1 is the unit 
element in the group F). i is injective: if (a, 1)= ( 6 ,1) then by 1. a = b. By 4. 
and 5. i is an embedding of A into AxT/= as XL-structures. By identifying we 
suppose A(ZAxV/= and we set 5 = A x r/= . B is Uc-3Ci-free. For suppose 
there exists (a, (y, /i))/= G-B and (Vi,..., W) ^htc such that (a, (y, h))/= eVj 
(for 1 < j < r), then by 5. a G and (V^ ,,V^ G Uc, because y ^ 
hxes Itc. But this contradicts IXc-H^i-freeness of A. 

We dehne the automorphism/j (for 1< i< n) by ((a, 7 )/= := (a, 77 ^)/=. 

This is an x^-permorphism, because for VgIL and (a, (y, h))/= G-B; 

{a,{x,h))/^eV ^ aeV^~" ^ 7=^ 

{a,{xXi,hh,))/^eV^^ ^ {{a,{x,h))/^y^eV^^ 

The mapping T —>< /i, > (sending Xi to fi), which is given by 

= {a,Yx)/= is a surjective homomorphism of groups, and for 
((a, 7 )/=)G-B we have ((a, 7 )/= = (a, 1)/=&A. 

Finally let a E A, bEB, aRb. So let a = {a,l)/= = {as,{xs,hs))/= 
and b = {bs, {xs,hs))/=- Because agRbs we have bg (in A). So by 5. 

bE{WJ^^ but by 3. This hnishes the case m = 1. 

Now we do the step of induction m ^ m + 1 (m > 1): 

We have the set of colours U^,..., and we know that A is Uc-lKm+i-free. 
By a type realizing step and by introducing new colours we want to consider 
A as satisfying a certain fK^-freeness condition and then we want to apply 
the Lemma for m. 

A subset Aq(ZA and a colouring Ho CIX determines a type over A in this 
context. But not all of the types are realizable in tlc-3Cm+i-free graphs. We 
call a tuple (AojHo) realisable, if for all j (1 < j < r) #( 1 X 0 fl 'IX'^) = dj and if 
there does not exist (W, • • •, Vj.) ^Xtcnlto x ... xH q and elements Oi,..., G 
Aq such that akRai (for 1 < k < I < m) and akEVj (for 1 < A; < m, 1 < j < r). 
Here are facts about realizability: 

1. If BqEAqCIA and if (^ 0 , 110 ) is realisable, then (Bo,Uo) is realisable. 

2. If CdH (C a IX-graph) is Uc-OCm+i-free, then for every ceC 
(A^^(c),U(c)) is realisable. In particular for every aEA (iVyi(a), 11(a)) 
is realisable. 
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3. If (1< i< n) and Do C-Dj and Ho Clt: (Dq, Ho) is realisable iff (Dg*, l£o*) 
is realisable. 

Proof of 3.: 

Snppose (Do, Ho) is realisable. Now we have for all j, (1 < j < r) : #(Ho* H 
H-^') = #(Ho n H-^)^* = dj. Snppose there exists {Vi% ..., gHc fl Hq* x 
... X Hq* and ai% ..., G Dq* such that a^^RaF^ (for 1 ^ k < I < m) and 
al" (for 1< k< m and 1< j< r). But then (Ih, ■ ■ ■ ,Vr) gHcHHo x ... xHo 
and oi,..., Om G Do and auRai and akEVj, because He is Xi-invariant and 
because pi is a Xi-permorphism. This is in contradiction to the realizability 
of (Do,Ho), therefore (Do‘,Ho’) must be realisable. -.e ^ 


Now we do the type realizing step: 

Claim: 

a) There exists a Hc-3Cm+i-free H-graph A and for every t (0 < t < #A) 
a constant q such that for every AqC A and every Hq C H: 

„r ^ I AT / \ .. ,,r/ X rir X f c#A if (^o,Ho) is realisable 

#{ceC I iV,(a)3.4„, U(a) = U,} = | 

b) There exist bijections hi,..., G Sym(C), hi D pi such that for every 

V eU, for every bEC, for every i {1 < i < n): bEV b^* eV^‘ and such 

that for every aEDi, bEC aRb aF'Rb^E 

Proof of a): 

Let T = #x4. We construct graphs A = Ct C C ... C Cg = C and 
constants ct, ■ ■ ■ Cq such that for every t (T > t > 0) and for every Aq C A 
with #x4o ^ t and for Hg CH: #{cgCi | NA{a) Dxdg, H(a) = Hg} = if 
(x4o,Ho) is realisable and such that Ct is Hc-3Cm,+i-free. We set ct = 0. If 
Cr, Cr are already constructed (for T> r>t) and t > 1 then we will construct 
Ct-i by adding points which have exactly t — 1 neighbours, all of them in A\ 
For x4o C x4 with #x4o = t — 1, and for Hg C H such that (Ag, Hg) is realisable 
we dehne c^q^Uo #{cECt \ Na{c) D Aq, H(c) = Hg} and we dehne q_i 
to be the maximum of all these c^p^Uo- Now to get Ci_i we add for every 
realisable (Ag, Hg) (with #x4g = t — 1) Ct_i — c^p i^^p many points, which have 
as set of neighbours exactly Aq and as set of colours Hg. Ct-i is a H-graph 
and ILc-OCm+i-iree and for every AqC A (with t — 1 < #Aq) , for every Hg C H: 
#{cGCt_i I Na{c)C) Aq, H(c) = Hg} = if (x4g,Hg) is realisable. This is 



true, because for Aq> t we did not change the set in question (by going from 
Ct to Ct-i) and if #Ao = t — 1 then #{cGCt_i | Na{c) D Aq, 'li(c) = Uo} = 
#{cECt I Na{c)dAo, U(c) = 'Uo} + (Ct_i-C^^y^g) = C^o,Uo + (^i-l“^Ao,Uo) = 
Ct-l- 

The proof of b) is similar as the proof of claim b) in the case m = 1. 
Here it is crucial to check, that for every D^cDi = D{pi) and every IXoCU 
{Ri := R{pi))\ 

*{c^C I NdAc)=Do, U(c)=Uo} = #{ceC I Nr^{c) = DI% U{c)=Uf} 

This is done by downwards induction on the size of Dq. The step of induction 
is in the case {Dq, Uo) is realisable (otherwise both sets are empty; here we are 
using fact 3.: (Do^hlo) is realisable (Dq",Uq‘) is realisable) as follows: 

#{ceC'|iV,,,(c)=Do, U(c)=Uo} 

= #{ceC'I 7 Va(c)dI)o,U(c)=Uo} 

- ^ #{ceC'|7V^,(c)=E,U(c)=Uo} 

DoCEcDi 

= ^*D„- E #{c€C|Af„.(c) = B«, U(c)=US‘} 

DoCEcDi 

= *{ceC I Na{c)dDI% U{c)=U^^} 

- Y. *{ceC I NnAc)=E', U(c)=U^*} 

Dl^CECDi 

= #{ceC|iV„.(c) = Dg-, U(c)=U5‘} 


l(claim) 

Now we introduce a new set of colours: \ dGC}, where 

is a new unary predicate for every dEC. We dehne G Sym('lH’''^) 
(for 1 < i < n) by ■= We let U' := U U and y' : = 

Xi U x[’''^GSym(U' U {-R}). It(,cU^ x ... x is dehned by 
(Hi,...,K,Ur')eU' ^ (Hi,...,K)eU, anddeH, (l<j<r) (in C). 
It), is x'-invariant, because Itc is Xi-invariant, because of the dehnition of 
X^'Y because of the property of hi in claim b) {hEV b^^EV^- 

The colours in are in a natural way interpreted in A: for aEA and 
dEC we dehne aEllY^ dRa (in C). Now H is a Uhgraph. We have 
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for every a^A: 

#(U"+I(a)) = #{{dec I aeW/^}) = #{{dec \ aRd}) 

= Z^UocU *{d^C I N^id) D {a}, lL{d) = Uq} = ka ■ Ci. 

Here Ci is a constant appearing in claim a), and 

ka = #{1X0 ClX I ({a},'lIo)is realisable}. Bnt for a,bEA ka = k^ =: k\ pick 
i such that aP^ = b, then {IXo C U I ({a},'Uo)is realisable}^* = {IXo C U | 
(m,Uo) is realisable}. (This argument is only needed in the case m +1 = 2.) 
Thus we dehne the constant dr+i := k ■ ci. 

A is 'lt}-3Cm-free. Otherwise there would exist ai, ... am^A and 

[/;+■) eU' such that ttkRai (for 1 < k < I < m) and at G Vj (for 
1 < k < m, 1 < j < r) and au G But then (Hi,..., V}) Gltc, dEVj, auRd. 
This means Oi,..., a^, d contradicts the Uc-lKm+i-freeness of C. 

For 1 < i < n Pi is a y'-permorphism. Furthermore the conditions on the 
colours (for a G H) are satished, e.g. for a G Di we have = 

Uah^ = because PiChi. 

By the Lemma for m we hnd a hnite Ubgraph B, Bd A, B llAOCmAree 
and /i,..., /n G Aut(H), fiD Pi, fi a y'-permorphism having the indicated 
properties. Now we consider B just as a IX-graph. The only thing we still 
have to check, is that B is Xlc-^m+i-iree. 


Suppose there exist (Vi,..., Vr) G Uc and elements a^,... ,am ^ B such 

that ttkRai and a^^Vj. W.l.o.g we suppose a := Oq G H: Otherwise choose 

/ G < >, such that Og G H and choose y' G Sym(£<') such that 

/ is a y'-permorphism and let X = x' l£,j iiow still (V}^,..., V^) G Uc and 

a{i?af and al G V^. Because a eVj we have (V },... ,Vr, G It}. The 

additional condition on B implies now: (1 < k < m). Thus we get 

a contradiction to the IXOlKm-freeness of B. ^ 

■(Lemma, i heoremj 


Theorem 3 Let m> 1, let M be the generie eountahle “Km-free graph. M 
has the Small Index Property 


Proof: The proof is given in [HHLS]. The use there of Hrushovski’s Lemma in 
the proof of the Small Index Property for the generic graph must be replaced 
by theorem 1. 


l(Th 


eorem 
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Now we are turning to the case of the digraphs: 

Lets suppose there is a hxed (possibly inhnite) family ^ of hnite tournaments 
(i.e. of digraphs F such that for every a,b E F if a ^ b then aRb or bRa). 
Lets look at the class DC of all hnite J'-free digraphs A, i.e. of digraphs such 
that no is embeddable into A. This class has the (free) Amalgamation 
Property, and the resulting generic countable digraph Mgr will be called 
a Henson digraph. Henson [Hen] showed that there continnnm many non 
isomorphic snch digraphs. 

Theorem 4 a) Let AeOC, let pi,... ,pn be partial isomorphisms on A, then 
there exist BeOC, B^A and /i,... ,/„ automorphisms of B, fiLipi. 
h) The Small Index Property holds for Mgr. I.e. it holds for all Henson 
digraphs. 

Proof: 

Again The proof given in [HHLS] shows that b) follows from a). 

It snfhces to prove a) in the case that IF is a hnite class: Let T be inhnite 
and let AeOC. Let m := #A. Let IFi be a hnite family of tonrnaments of size 
m + 1 containing every isomorphism type of snch a tonrnament. We dehne 
IFo := {F ET \ #F < m} U IFi and we assume w.l.o.g IFq to be hnite. Now A 
is IFo-free and every IFo-free graph B is also IF-free, i.e. in DC. 

Now we want to prove a) in the case IF is hnite by induction on the 
maximal size of a tonrnament in IF. This prove will be very similar to the 
prove of theorem 1. We only want to point ont the diherences. Again the 
following lemma will be the “permorphism version” of the Theorem, which 
is provable by indnction. Here we will have no restriction on the cardinality 
of colours a single point can have. 

Lemma 5 Let Vi be a finite set of eolours, let Xii ■■ -i Xn ^ Sym(Vi). Let 
Ti,..., Tra he finite tournaments, Tj = {t{,..., tj.}, let for 1 < j < m Vij C 
(Pot(lL)yL Xi-mnananh Let A be a Xl-eoloured digraph sueh that for 
every j (1 < j < m) A is Vij-Tj-free (i.e. there does not exist an embedding 
of digraphs i : Tj ^ A, Sk := i{tl,) such that (U(si),... ,U(s«J) ElLj). Let 
Pi,... ,Pn be partial mappings such that pi is a Xi-p^rmorphism. 

Then there exists a finite Vi-coloured digraph B, B D A, B XLj-Tj-free 
(I < j < m) and /i,..., /„ total permorphisms on B, fiL)pi. 
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B satisfies in addition: For every mapping U : A ^ IL (we will write Ua 
instead ofU{a)) 

if for beA : {bRa b&Ua) (rsp.: aRb beUa) 

and if for aeDi = D{pi): {UaY^ = UaPi 
then for every bEB, for every aEA: {bRa bEUa) (rsp.: aRb ^ bEUa). 

Proof: 

The proof of the lemma in this version of the preprint will be rather sketchy. 
The proof goes by induction on the maximal size of the tournaments Tj 
{1 < j < m) involved. In the case that the maximal size is 1 it goes exactly 
like the proof in the case of the graphs (case m = 1). So let’s suppose that 
the maximal size is > 1. 

Let us hrst introduce some notation. If A is a digraph and a is a point 
(possibly element of a digraph extending A) we denote by Nfi{a) := {bEA \ 
aRb} and by NA{a) := {bEA \ bRa}. 

Let Ti,... ,Tr be the tournaments of size > 1 and T^+i,...,be the 
tournaments of size 1. We write for 1< j< r := Nfi. {t}) and T~ := {t}), 

thus Tj — {t\}=T^ U T~. 

We will call C (where C ^ A) free of critical copies of Tj if there is no 
embedding p : Tj ^ C such that (if one denotes si = p{tj)) S 2 , ■ ■ ■, sp E A 
and such that (11(51),..., ll(si^.)) Gllj. 

Now the hrst step will be, to hud C* D A, such that C is free of critical 
copies of Tj and such that there are bijections hi,..., h„GSym(C) such that 
for every V Eli, for every cEC: cEV c^^eV^* and such that for every 

aEDi, ceC : {aRc a^^Rc'^fi and {cRa R^^Ra^fi. 

In this case a subset Af C A and a disjoint subset Aq C A and a set of 
colours Ho determine a type over A. We call (Aq , Aq , Uq) realisable, if there 
does not exist j <r and an embedding (as digraphs) i : T^ U T~ Aq U Aq 
such that i{T^) <eAq and i{T~) cAq and such that (Ho, 11 ( 52 ),... ,H(5z^.))g 
ILj (again 5/ = i{tj)). Note that for C ^ A. C is free of critical copies of Tj 
(for every j < r) iff for every ceC: (Nfi(c), NA(c),li(c)) is realizable. Now 
again choose constants q (1 < t < #A) and choose C to ensure that for every 
Af, Aq^A, HoCH; 

#{{ceC \ NX{c)^A- f, NX{c)dAq, H(c)=Ho}) 
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^#{a+\ja-) (^ 0 )^ 0 )'^o) is realisable 

0 otherwise 


As in the proof of Lemma 2 one proves that bijections hi,... ,hn with the 
desired properties exist. 


Now our new set of colours will be U' = U U | c E C} U {U~ \ 
c E C} (with new colours U~). For a E A we dehne (a G iff cRa) 
and (a G U~ iff aRc. This way we equip A with a Uhstructure and pi is a 
x'-permorphism, if we dehne (f/+and {U~)^i = U~h. (for 1< i < n). 
For 1 < j < r we set Tj = {t{,... ,t{.} and we say (for V2, ... ,Vi. C U'); 
(V2,..., Vq) G Vi'j iff there exists ceC such that for 2 < / < Ij Up E Vi and 
such that (11(0), V2 n It,..., Vi. fl It) G It^, where Up = It^, if tj E and 

U';} = up, if tjET-. 

A is It'-Tj-free. 


By induction there is an It'-Tj-free (for 1 < j < r) digraph B, which is 
also Itj-Tj-free (for r < j < m), which satishes all we want. The only thing 
which still needs checking is that B is Itj-Tj-free (for 1 < j < r). 

Lets suppose there exists a j 1 < j < r and there exists an embedding 
i : Tj ^ B, such that (It(si),..., It(s;^.)) Glt^ (if we write si := tj). We can 
suppose that Si G A. We consider (for e = + and for e = —) the mapping 
: A —^ It' such that U‘'{a) = Up and we £x c = si G A. Take I, 2 < / < If, 
if tl E , then so cRsi, so by the additional property B satisfies: 

s; G Up. The same way one checks that if tj G T~, then si E Up. Now 
we consider the embedding i restricted to Tj = Tj — {tj}. Now it is easy 
to check that (It'(s 2 ),... ,It'(s;^,)) Gitj. But this is in contradiction to the 

l(Lemma,Theorem) 


Uj-Tj-freeness of B. 


Finally we want to mention that there is a more general theorem stating 
the possibility of extending partial isomorphisms. It is a theorem about 
relational structures in any relational language. To state it we need some 
notation. Let S' be a finite relational language. 
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Definition: 


• Let L be a S'-structure. L is called a link structure if it consists of just 
one element or if there is a k-axy {k&u) relation symbol i? in S' and a 
/c-tuple (oi,..., Ofe) in L such that Rai .. .a^ and such that ai, ... ,ak 
contains all elements of L. 

• Let A and B be S'-structures. A and B have the same link type if for 
every link structure L\ L is embeddable into A iff L is embeddable into 
B. 

• Let T, A be S'-structures, let p : T A he a function, p is called a 

weak homomorphism (notation: p : T — A) if for every R in S {R 
k-ary) and every si, ..., Sk^T: If Rsi ... Sk (in T) then Rsl ... (in 
A). 


• Let be a set of hnite S'-structures. Let A be a S'-structure. A is called 
9^-free if there does not exist Tg?" and p :T A. 

For example if S consists of just one binary relation symbol, and A is a graph 
(rsp. digraph) and if the S'-structure B has the same link structure as A then 
i? is a graph (rsp. digraph); but this is not true for tournaments. 

Theorem 6 Let tF be a finite set of finite S-structures. Let A he a finite 
3^-free S-structure. Let pi,... ,pn be partial isomorphisms on A. There exist 
a finite T-free S-structure B, A G B and automorphisms /i,... ,/„ on B 
(fiDpi) such that B and A have the same link type. 

The proof of the theorem is just the translation of the proofs of theorem 1 
and theorem 4 a) into this more general context. Note that a weak homomor- 
phisms mapping OC^ to a graph A (and a weak homomorphisms mapping a 
tournament into a digraph) is necessarily an embedding. 
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